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Abstract
A nonlocal nonlinear parabolic problem on a bounded domain (for instance a bounded
multiband superconductor) is proposed. This problem models an intermediate state be-
tween type-I and type-II superconductivity. In this contribution, the well-posedness of
the problem is discussed under low regularity assumptions and the error estimate for a
semi-implicit time-discrete scheme based on backward Euler’s approximation is estab-
lished.
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1 Introduction
It is supposed that a superconductive material occupies a bounded domain Ω ⊂ R3 with
Lipschitz continuous boundary ∂Ω. The symbol ν denotes the outward unit normal vector
on ∂Ω. The starting point of the modelling part of this paper is the eddy current version
of the Maxwell equations:
∇×H = J , Ampe`re’s law, (1)
∇×E = −∂tB, Faraday’s law.
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Moreover, a linear dependence of the magnetic induction B on the magnetic field H is
assumed, namely B = µH, where the constant µ > 0 represents the magnetic permeability
of the material. Assuming the initial condition ∇·B|t=0 = 0, it is ensured that the magnetic
induction remains divergence free at any time.
Superconductors are usually divided into two main types: type-I and type-II supercon-
ductors. The available macroscopic models for both types are pointed out in the following
two subsections. For a detailed overview in literature, see [1].
1.1 Available macroscopic models for type-I superconductivity
The starting point for the macroscopic theory for type-I superconductivity is the phe-
nomenological theory of superconductivity in 1935 by London and London. They explained
that a macroscopic description of type-I superconductors involves a two-fluid model [2, 3].
The current density J is supposed to be the sum of a normal and a superconducting part,
i.e. J = Jn+Js. The normal density current Jn is required to satisfy Ohm’s law Jn = σE,
where σ > 0 is the conductivity of the normal electrons and E the electric field. London
and London postulated two equations for Js, in addition to Maxwell’s equations, governing
the electromagnetic field in a superconductor [2]:
∂tJs = Λ
−1E and ∇× Js = −Λ−1B,
where Λ = me
nse2
, with ns the number of superelectrons per unit volume and me respectively
−e the mass, respectively the electric charge of an electron. Since ∇ ·B = 0, there exists
a unique magnetic vector potential A such that B = ∇×A and ∇ ·A = 0 if the domain
Ω is simply connected and A · ν = 0 on ∂Ω. Then, the second London equation can be
rewritten in the local form
Js = −Λ−1A.
This local theory of London and London is generalized to nonlocal theories, for instance by
Pippard and Eringen. Pippard’s nonlocal law [4] fails to explain the vanishing of electrical
resistance. This in contrast to the nonlocal representation of the superconductive current
by Eringen [5]. This representation identifies the state of the superconductor at time t with
the field H(·, t) and is given by the linear functional
Js(x, t) =
∫
Ω
σ0
(|x− x′|) (x− x′)×H(x′, t) dx′ =: −(K0 ?H)(x, t), (x, t) ∈ Ω× (0, T ),
where the singular kernel σ0 : (0,∞)→ R is defined by
σ0 (s) =
{
C˜
2s2
exp
(
− sr0
)
s < r0;
0 s > r0,
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with C˜ := 34piξ0Λ > 0. The length ξ0 is called the coherence length of the material. The
points which contribute to the integral are separated by distances of order r0 or less, where
r0 is defined by r0 =
ξ0l
ξ0+l
, with l the mean free path of the electrons in the material.
Moreover, σ0 is chosen such that it is possible to recover the London equations and the
form given by Pippard [3, 5]. Taking the curl of (1) results into the following parabolic
integro-differential equation
µ∂tH + σ
−1∇×∇×H + σ−1∇× (K0 ?H) = 0. (2)
The well-posedness of this nonlocal parabolic model is studied into detail in [6]. Also
the error estimates for two time-discrete schemes (an implicit and a semi-implicit) based
on backward Euler’s method are derived in [6]. Note that a fully discrete approximation
scheme is proposed in [7].
1.2 Available macroscopic models for type-II superconductivity
Bean’s critical-state model was one of the first macroscopic models for type-II supercon-
ductors [8]. The model imposes that a current either flows at the critical level Jc or doesn’t
flow at all. Unfortunately, Bean’s critical-state model is not fully applicable to supercon-
ductors with smooth current-voltage characteristics. Another model frequently used in the
modelling of type-II superconductors is the power law constitutive relation by Rhyner [9]:
E = σ−nc |J |n−1J , n ∈ (7, 1000), (3)
where σc is some parameter that coordinates the dimensions of both sides in the expression.
The value of n depends on the superconducting material and is a measure of the sharpness
of the resistive transition. Employing (1) and taking the curl of (3) leads to the following
equation for the magnetic field:
µ∂tH + σ
−n
c ∇×
(|∇ ×H|n−1∇×H) = 0. (4)
This equation is investigated for instance in [10, 11]. In the following section, the equations
(2) and (4) are combined into one equation to model an intermediate state for type-I and
type-II superconductivity.
2 Discussion
Recently, there has been increased interest in superconductors with several superconducting
components. They arise for instance in multiband superconductors. The classification into
types-I and II is insufficient for such multicomponent superconductors [12]. Physicists have
found that the material ‘magnesium diboride’ combines the characteristics of both types [13].
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This leads to a complete new kind of superconductor, the so-called type-1.5 superconductors
[14, 15]. From this viewpoint, by introducing a real parameter β > 1 and a real function
f(β), it is proposed to combine equations (2) and (4) to
µ∂tH + σ
−1f(β)∇×∇×H + g(β)∇×
(
|∇ ×H|β−1∇×H
)
+ σ−1f(β)∇× (K0 ?H) = 0, (5)
with
g(β) := σ−βc (1− f(β))
and where f ∈ C ([1,∞)) is monotonically decreasing and satisfies f(1) = 1 and 0 6 f(β) 6
1 for β > 1. Moreover, suppose that f is zero or very small for β > 7. For instance, f can
take the following form
f(β) =
{
(−1)α
6α (β − 7)α 1 6 β 6 7
0 β > 7,
f(β) = exp(−kβ),
with α ∈ N and where k > 0 gives the speed of convergence to zero. This implies that
g ∈ C ([1,∞)) is monotonically increasing with g(1) = 0 and |g(β)| 6 σ−βc . Equation (5)
simplifies to equation (2) for type-I superconductors in the case that β = 1. If 7 < β <
1000, then equation (5) equals or approximates equation (4) for type-II superconductivity
depending on the choice of f . The intermediate phase (1 < β 6 7) is attributed to an
intermediate state between type-I and type-II superconductivity. Note that in practical
applications β is less than 1000, but in the analysis presented in this paper is β allowed to
be larger.
In this contribution, the well-posedness of problem (5) is shown in suitable function
spaces. More specific, a semi-implicit time-discrete numerical scheme is developed. Also
the convergence of the method is discussed and error estimates for the time-discretization
are derived.
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